New calculations of the quasi-bound state positions in K − K − pp kaonic nuclear cluster are performed using non-relativistic four-body Faddeev-type equations in AGS form. The corresponding separable approximation for the integral kernels in the three-and four-body kaonic clusters is obtained by using the Hilbert-Schmidt expansion procedure. Different phenomenological models ofKN − πΣ potentials with one-and two-pole structure of Λ(1405) resonance and separable potential models forK-K and nucleonnucleon interactions, are used. The dependence of the resulting four-body binding energy on models of KN − πΣ interaction is investigated. We obtained the binding energy of the K − K − pp quasi-bound state ∼ 80-94 MeV with the phenomenologicalKN potentials. The width is about ∼ 5-8 MeV for the two-pole models of the interaction, while the one-pole potentials give ∼ 24-31 MeV width.
I. INTRODUCTION
Over the past two decades, much attention has been placed on the studying of antikaon-nucleon and -nucleus interaction and the formation of denseK nuclear clusters [1] [2] [3] . The K − pp is the lightest possible kaonic nuclear bound system in which the proportion of strongly attractiveKN (I = 0) pairs to less attractiveKN (I = 1) pairs is maximized. Many theoretical works mostly focusing on the lightest kaonic system have been performed [3] [4] [5] [6] [7] [8] [9] [10] [11] . All calculations confirm the existence of quasi-bound state in the K − pp system, but the values of the binding energy and width vary over a fairly wide range.
From the experimental point of view, this issue has also attracted considerable attention. The first experimental evidence concerning K − pp was observed in the stopped K − on 6, 7 Li and 12 C targets [12] by FINUDA collaboration at DAΦNE. An exclusive analysis of the p + p → X + K + , X → p + Λ experiment at Saclay for the pp reaction at 2.85 GeV [13] indicated a large peak both in the Λp invariant-mass and K + missing-mass spectra, which had been predicted in the theoretical works [14, 15] . Only when the object X is a dense bound state of K − pp system, a peak comparable to the free emission of the Λ ⋆ would be observed. The K − pp quasi-bound state has been further explored at J-PARC through d(π + , K + )K − pp and K − + 3 He reactions by E27 [16] and E15 [17] experiments, respectively. However, so far the experimental studies on binding and is also a possible three-body kaonic system. TheKKN quasi-bound state has been studied by Shevchenko and Haidenbauer using phenomenological and chiraly motivated potentials for theKN − πΣ interaction combined with Faddeev AGS equations [18] . This has also been investigated by Kanada-En'yo and Jido using a Gaussian expansion method [19] . In both studies, a quasi-bound state was found in thē KKN three-body system just a few MeV below the Λ(1405) +K threshold energy and it was shown that the repulsive interaction inKK with I = 1 makes theKKN system loosely bound with moderate binding energy. The natural question which arises now is what will happen if we add an antikaon to the K − pp or a proton to the K − K − p three-body system. In 2004, Akaishi and
Yamazaki investigated the simplest double-K nuclear cluster, K − K − pp, using a phenomenological interaction based on the G-matrix method [20] . They have shown that this system is deeply bound with binding energy of 117 MeV and could be considered as an important doorway toward multi-Λ ⋆ nuclei. The existence of such a deeply kaonic nuclear state is important for studying high-densityK-nuclear systems [20] , kaon condensation issue and neutron strars [21] .
In this paper, we performed the nonrelativistic Faddeev-type Alt-Grassberger-Sandhas (AGS)
calculations for the K − pp and K − K − p three-body systems as well as for K − K − pp four-body system. To convert the few-body Faddeev AGS equations to a manageable set of equations, we have to introduce the separable representation of the few-body amplitudes and the driving terms, which will be necessary to find the pole position of kaonic nuclear systems [22, 23] . Our fewbody Faddeev calculations is based on the quasi-particle method. Using this method, we can find a separable representation for the subamplitudes in (3+1) and (2+2) partitions and one can reduce the three-and four-body problem to an effective quasi-particle two-body one, where one of the components appears as a quasi-particle. For making a separable representation of these subsystem amplitudes, one can use the energy dependent pole expansion (EDPE) [24] or the Hilbert-Schmidt expansion [23] . For this purpose, we will apply the Hilbert-Schmidt expansion.
The dependence of the three-and four-body kaonic clusters pole positions on two-body interactions is investigated. Several models ofKN − πΣ interactions, which are derived phenomenologicaly, are used [25, 26] . The potentials reproduce experimental data on elastic and inelastic K − p cross-sections and kaonic hydrogen atom. TheKN −πΣ potentials are also constructed to produce a one-or two-pole structure of Λ(1405) resonance. The double-K clusters contain the repulsivē KK interaction. Thus, the question which arises now is how much this interaction is important in double kaonic systems under study. In our few-body calculations, we used a phenomenological potential for the repulsiveKK interaction and the parameters of the potential obtained in such a way to reproduce the scattering length of the lattice QCD calculations [27] .
The paper is organized as follows: in sect. II, we describe the framework of the present calculation and a brief description of Faddeev equations in the AGS form for three-and four-body kaonic nuclear systems is presented. Sect. III is devoted to introducing the two-body inputs of the calculations. In sect. IV, we present our results of the three-and four-body calculations and the conclusions are presented in sect. V.
II. FORMALISM

A. Three-body equations
TheKNN andKKN systems are coupled to πΣN and πKΣ channels, respectively. The three-body Faddeev-type AGS equations [22, 28] for these systems are
where the operators U αβ ij give the Faddeev amplitudes of the elastic and re-arrangement processes
are the two-body T -matrices embedded in the three-body space. The operator G α 0 is the free three-body Green's function; and the indices i, j = 1, 2, 3 and α, β = 1, 2, 3 are used for describing the Faddeev partitions and particle channels, respectively [6] . Using the separable potentials for the two-body interactions
will lead to a separable form of two-body T -matrices:
where I is a two-body isospin, g α (k α ) are the usual form factors and τ αβ i,I i being the usual two-body propagator. The three-body coupled channels Faddeev AGS equations forKNN − πΣN and KKN − πKΣ systems are
where the operator K αβ ij,I i I j is Faddeev transition amplitude between α and β channels and the operator M αβ ij,I i I j is the effective potential, which are defined by
The most important part of the quasi-particle approach is the separable representation of the off-shell Faddeev amplitudes in the two-and three-body systems. First of all, we will introduce the separable form of the three-body amplitudes and driving terms, for theKNN andKKN systems by applying Hilbert-Schmidt expansion (HSE) [23] .
where λ n and the form factors u α n;i,I i (p, ǫ) are the eigenvalues and eigenfunctions of the kernel of equation (4), respectively. The separable representation of the Faddeev AGS amplitudes is given
and the functions ζ n (ǫ) obey the equation
To search for a quasi-bound state, we should look for a solution of the homogeneous equations related to the form factors u
The AGS equation of (10) is a Fredholm type integral equation. To solve the AGS equations for bothKNN andKKN systems, the operators involving two identical nucleons and kaons should be antisymmetric and symmetric, respectively. InKKN system, the kaons are spinless particles, then all operators in isospin base involving two kaons, should be symmetric while in the case ofKNN, the spin component is antisymmetric (spin s = 0). Thus, all operators in isospin base should be symmetric. To find a quasi-bound state inKNN andKKN systems, one should convert the integral equations into algebraic form and then search for a complex energy at which the determinant of the kernel matrix is equal to zero.
B. Four-body equations
In the present subsection, we briefly outline the formal aspects of the four-body Faddeev formalism applying toKKNN system within the quasi-particle method in momentum space. Although a variety of methods for studying the four-body systems has been proposed in the literature, the Faddeev AGS method [22, 28] and Faddeev-Yakubovsky approach [29, 30] are more preferable to other methods. Using the separable approximation for the two-body potentials and for Faddeev amplitudes appearing in different K-type and H-type partitions of the four-body system, the both Faddeev approaches will produce the same set of effective two-body equations [22, 23, 31] .
Although the structure of the four-body equations are much more complicated compared to the three-body case, but currently, a practical formalism of four-particle theory has been extensively developed. Using properly symmetrized and antisymmetrized states with respect to identical kaons and nucleons, we will have the following four channels, corresponding to four possible two-quasiparticle partitions ofKKNN system. In fig. 1 ) configurations of theKKNN four-body system are shown. The whole dynamics ofKKNN system is described in terms of the transition amplitudes A α1 (α =1,2,3 and 4) which connect the four quasi-two-body channels characterized by
with the initial channel α = 1. The essence of the calculation scheme is the solution of the bound state problem for the two-and three-body subsystems that is specified in the partitions (11).
For α = 1 and 2 we dealt with interacting three-body systems. Using separable representations for the NN andKN potentials, the corresponding scattering amplitudes can be expressed in terms of effective quasi-two-body amplitudes K αβ ij,I i I j which describe the scattering of a particle on a two-body cluster (quasi-particle). Due to the strong dominance of s-waves inKN and NN interactions, we take into account only the s-wave part of the interactions in two, three and fourparticle states. Then, we drop the index l = 0 in all equations. Considering the identity of the kaons and the nucleons, theKKNN problem is reduced to a set of 4 × 4 integral equations in one scalar variable. For the transition amplitudes A α1 as a connector of channel 1 to channels α =1, 2, 3 and 4, we arrive at a coupled set of equations
where the operators A 
can be expressed in terms of the form factors u sI α,n , which are generated by the separable representation of the sub-amplitudes appearing in the channels (11)
Here, the symbols Ω sI,s ′ I ′ are the spin-isospin Clebsch-Gordan coefficients, the argument z =
is the energy of two-body quasi-particle, embedded in the four-body space and ǫ α is the total energy of the subsystem in channel α. The effective potentials forKKNN system are represented by the particle exchange diagrams in fig. 3 . The momenta q( p, p ′ ) and
are given in terms of p and p ′ by the following relations
where m is the exchanged particle or quasi-particle mass and the reduced masses M α and M α in channel α are defined by
and in the case of H-type subsystems are given by 
and the Faddeev equations for (KK) + (NN) system are defined by
Here, Y sI,s ′ I ′ i,j are Faddeev amplitudes which describe two independent pairs of interacting particles and W sI,s ′ I ′ i,j are the effective potentials. Analogous to the treatment in the previous subsection, the separable form of the amplitudes can easily be found
where the functions u sI n;i are the eigenfunctions of the kernel of eq. (17)
Due to the strong coupling betweenKN and πΣ channels,KKNN four-body equations would be generalized to include the coupled channelsKKNN − πKΣN − ππΣΣ. There are seven different interactions in the lower-lying four-body channels, namely ππ, πK, πΣ, πN, ΣK, ΣΣ, ΣN andKN. The πΣ andKN interactions are included by using the coupled-channel model for KN − πΣ interaction. In practice, when we include the remaining interactions, the number of channels will increase rapidly and the treatment of the four-body equations turns out to be very complicated. Thus, the remaining interactions in the lower four-body channels are neglected for the system under consideration. This is necessary for faster convergence rate of the results.
Before we proceed to solve the AGS equations (12), we should antisymmetriz and symmetriz the basic amplitudes with respect to the exchange of nucleons and kaons, respectively. In practice to solve the four-body equations, it is necessary to convert the equations to a numerically manageable form by expanding (2+2) and (3+1) sub-amplitudes in eqs. (4), (17) and (18) into separable series of finite rank N r . We can use two different types of expansion. One is based on Hilbert-Schmidt expansion [23] method, and another one uses the energy dependent pole expansion (EDPE) [24] . In the present study, we have used Hilbert-Schmidt expansion (HSE) method.
III. TWO-BODY INPUT
In this section we shall begin with a survey on the two-body interactions, which are the inputs to our present study. The mainKN − πΣ potential is constructed with orbital angular momentum l = 0 since the interaction is dominated by s-wave Λ(1405) resonance. The NN,KK and ΣN − ΛN interactions were also taken in l = 0 state and the remaining interactions are neglected in our calculations. All separable potentials in momentum representation have the form (2).
A.KN − πΣ coupled-channel system
TheKN − πΣ interaction is the most important interaction of the three-and four-body kaonic nuclear systems. TheKN interaction, is usually described either by pure phenomenological or by chirally motivated potentials. In our Faddeev calculations, we used four different effective potentials for the coupled-channelKN − πΣ interaction, having a one-and two-pole structure of the Λ(1405) resonance. The potentials that we used here for theKN interaction are given in refs. [25, 26] . The parameters of the coupled-channelKN − πΣ potential were fitted to reproduce all existing experimental data on the low-energy K − p scattering and kaonic hydrogen. The fitting was performed by using physical masses inKN and πΣ channels with the inclusion of Coulomb interaction. The parameters ofKN − πΣ potential in ref. [25] , are adjusted to reproduce the most recent experimental results of the SIDDHARTA experiment [32] and the one in ref. [26] reproduce the experimental results of the KEK experiment [33, 34] . The form factors of the one-pole version and theKN channel of the two-pole version have a Yamaguchi form
while a slightly more complicated form is used for the πΣ channel
B. N N and ΣN − ΛN interactions
We also used one-term PEST potential from ref. [35] , which is a separable approximation of the For the s-wave ΣN − ΛN interaction, we follow the form given in ref. [36] ,
where the symbols C I αβ are the coupling constants summarized in table II, µ α is the reduced mass for the ΣN and ΛN system, the form factor g [36] . 
C.KK interaction
In contrast to theKN interaction, the amount of data onK-K scattering (S = −2) is scarce and the experimental situation is poorer than the above three two-body interactions. We introduce , in a Yamaguchi form
During these calculations, we consider theKK potentials with the parameters λ
I=1 KK
and ΛKK, which reproduce the K + K + scattering length, for which we used the result of lattice QCD calculation as a K + K + = 0.141 fm [27] as a guideline. The range parameter value 3.5 fm −1 is adopted forKK interaction to represent the exchange of heavy mesons.
IV. RESULTS AND DISCUSSION
Solution of the Faddeev AGS equations corresponding to the bound and resonance states in the
, 0 − ) and ( (8) and (19), which will be suitable for practical calculations [37] . It can be seen from table III that our calculated binding energies are very close to the other results obtained in [7] and [18] for K − pp and K − K − p systems using the sameKN −πΣ potentials within the coupled-channel Faddeev approach.
In the present calculations, the πKΣN and ππΣΣ channels have not been included directly and one-channel Faddeev AGS equations are solved for theKKNN system. We approximated the full coupled-channel one-and two-pole models of interaction by constructing the so-called exact opticalKN − πΣ potential. The exact optical potential provides exactly the same elastic KN scattering amplitude as the coupled-channel model of interaction [26] . Thus, our coupledchannels four-body calculations with coupled-channelKN − πΣ interaction is equivalent to the one-channel four-body calculation using the so-called exact opticalKN(−πΣ) potential. The decaying to the πKΣN and ππΣΣ channels is taken into account through the imaginary part of the opticalKN(−πΣ) potential. The binding energy and width of the deeply bound dibaryonic double-K system, K − K − pp, is calculated as a natural extension of K − pp and
The last row for each potential in table III reports on the
which has been highlighted as a possible doorway to kaon condensation in self-bound systems,
given its large binding energy over 100 MeV predicted by Yamazaki et al. [20] . The
system is tightly bound and has a larger binding energy than K − pp, B K − K − pp ∼80-94 MeV, and a width, Γ = 5 − 31 MeV. In particular, it should be noted that the addition of one nucleon to the
MeV, and the addition of oneK to the K − pp system gains ∼35-40 Recently, some few-body calculations are performed on the lightest kaonic nuclei by the hyperspherical harmonics [38] and the Faddeev method [11] . Barnea et al. [38] made a hyperspherical harmonics calculation for four-body K − K − pp nuclear quasi-bound state using an energy dependent chiral interaction model forKN interaction. In this calculation, a quasi-bound state with I = 0 and J π = 0 + , was found with a binding energy about 32 MeV and a width of 80 MeV below the threshold energy of theKKNN state. However, their results were criticized in ref. [7] . A similar conclusion was also drawn by Maeda et al. Maeda et al. are in the same range, but this agreement seems to be rather accidental. We want to emphasize that in fact it is difficult to compare our results with those in Maeda et al. [11] . Firstly, as already said in the sect. III, the potential that we used here for theKN − πΣ interaction are adjusted to reproduce the experimental data on kaonic hydrogen and low-energy K − p scattering, but Maeda et al. [11] fixed the two-body energy arbitrarily to define the parameters of theKN potential. Secondly, in ref. [11] the πΣ channel has not been included. The πΣ channel plays an important dynamical role in forming the three-and four-body quasi-bound state. Thus, it is expected that the inclusion of πΣ channel will have a serious effect on their obtained binding energy for K − pp and K − K − pp quasi-bound states.
V. CONCLUSION
In the present paper, non-relativistic four-body Faddeev equations have been applied to study theKKNN system. The calculation scheme, which formally allows an exact solution, is based on the separable approximation of the appropriate integral kernels. We employed HSE method to reduce the problem to a set of single-variable integral equations. To investigate the dependence of the resulting four-body binding energy on models ofKN − πΣ interaction, different versions of KN − πΣ potentials, which produce the one-or two-pole structure of Λ(1405) resonance, were used. We have also found that 
